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Abstract

Let G = (V,E) be a simple connected graph, where V and E denote the vertex and edge sets,
respectively. The first Zagreb index is defined asH1(G) =

∑︁
ν∈V degG(ν)

2. Meanwhile, the sec-
ond Zagreb index is given byH2(G) =

∑︁
ν1ν2∈E degG(ν1) degG(ν2), where degG(ν) represents

the degree of vertex ν. Another notable degree-based invariant is the Atom-Bond Connectivity
(ABC) index, introduced in chemical graph theory, and defined by:

ABC(G) =
∑︂

ν1ν2∈E

√︄
degG(ν1) + degG(ν2)− 2

degG(ν1) degG(ν2)
.

A fundamental graph parameter, theMetric Dimension (MetDim), refers to theminimum num-
ber of vertices in a resolving set that uniquely distinguishes all other vertices based on distances.
In this work, we investigate the influence of MetDim on the Zagreb and ABC indices within the
class of trees. Accordingly, we derive sharp bounds-both upper and lower forH1(T) andH2(T),
and provide an upper bound for the ABC(T) index. All are expressed in terms of the tree’s
order and its MetDim. Additionally, we recognize the extremal tree structures that attain these
extreme values. Overall, these findings underscore the role of MetDim in shaping topologi-
cal descriptors and contribute to both theoretical graph analysis and practical applications in
molecular chemistry.
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1 Introduction

Graph theory has long served as a bridge between discrete mathematics and the molecular
sciences, particularly through its applications in chemical graph theory. In computational chem-
istry, where the objective is to model and predict molecular properties without relying directly
on quantummechanical computations, molecular graphs provide a powerful abstraction. In such
representations, atoms correspond to vertices, and chemical bonds to edges, often omitting hydro-
gen atoms for simplicity [16]. Within this framework, topological indices, quantitative measures
derived from the structure of molecular graphs, are employed to correlate molecular structure
with chemical, physical, and biological properties.

Among the earliest and most influential topological indices are the first and second Zagreb
indices, denotedH1(G) andH2(G), respectively. Introduced by Gutman and Trinajstić [16], these
indices capture degree-based connectivity patterns and are defined for a graph G = (V,E), as
follows:

H1(G) =
∑︂

ν∈V (G)

degG(ν)
2, (1)

H2(G) =
∑︂

ν1ν2∈E(G)

degG(ν1) degG(ν2), (2)

where degG(ν) denotes the degree of vertex ν in G. These indices have been widely applied in
QSAR/QSPR studies for predicting molecular stability, boiling points, and reactivity [25].

In an effort to improve the predictive power of topological descriptors, particularly with re-
spect to molecular branching and steric effects, Estrada et al. [13] introduced the Atom-Bond
Connectivity (ABC) index, defined as:

ABC(G) =
∑︂

ν1ν2∈E

√︄
degG(ν1) + degG(ν2)− 2

degG(ν1) degG(ν2)
. (3)

This index has demonstrated strong correlations with thermodynamic and structural properties,
and has since become an essential tool in chemical graph theory [14].

A substantial body of work has been devoted to characterizing extremal values and establish-
ing bounds for the ABC and Zagreb indices in various graph classes. For trees, Furtula et al.
[14] revealed that the star graph Sn attains the maximum ABC index, a result further explored
in chemical tree structures of bounded degree [26]. Following this, Chen and Guo [8] extended
ABC extremal studies to catacondensed hexagonal systems and reported that edge deletion re-
duces the ABC index. Further contributions have identified ABC extremal graphs among BFS
trees [21], cactus graphs [4], and graphs with specific connectivity or chromatic constraints [9].
Most recently, Wu and Zhang [28], Das et al. [10], and Ali et al. [1] have deepened the analysis
of structural conditions that maximize or minimize the ABC index in chemical graphs.

In parallel, extensive research has also been conducted on bounding the Zagreb indices under
various structural constraints. Works, such as those by Li and Zhou [20] investigated graphs with
vertex or edge connectivity at most k, establishing sharp upper and lower bounds for the Zagreb
indices. Li and Zhou [19] analyzed bipartite graphs with fixed diameter, deriving sharp upper
bounds for the Zagreb indices and characterizing extremal structures. Borovićanin [5] established
sharp extremal bounds for Zagreb indices of trees constrained by segment counts or branching ver-
tices, characterizing the corresponding extremal structures. Borovićanin and Furtula [6] provide
sharp bounds for Zagreb indices in graphs characterized by connectivity, matching numbers, and
domination parameters. Further studies by Pei and Pan [23], Jia andWang [18],Mojdeh et al. [22],
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and Enteshari and Taeri [12] have extended these investigations to graphs with pendent vertices,
cut vertices, and distance domination conditions. Furthermore, Dehgardi [11] recently applied
Roman domination numbers to establish sharp lower bounds for Zagreb indices. More recently,
Ali et al. [2] analyzed extremal upper and lower bounds of the ABC index ABC(T) for trees con-
strained by a fixed Roman domination number, characterizing extremal structures. In addition,
Ali et al. [3] established a sharp lower bound for the second Hyper-Zagreb indexHM2(G) of trees
in terms of order and Roman domination number ΓR(G), revealing structural dependencies.

Despite this rich literature, a notable gap remains in the role of MetDim, a parameter that
measures the minimum number of landmarks needed to uniquely identify every vertex in a graph
using bounding degree-based topological indices, which has not been explored. Notably, theMet-
Dimprovides insights into the graph’s resolving capabilities and has practical implications in areas
such as network navigation and robot localization.

This work aims to address this gap by investigating the bounds on the Zagreb indices and the
ABC index for trees in terms of their order andMetDim. Specifically, we establish upper and lower
bounds for Zagreb indices, and an upper bound for the ABC index. Furthermore, we identify the
extremal trees that attain these bounds, thereby contributing to both the mathematical theory of
graph invariants and chemical graph modeling.

The notation employed throughout this paper is defined and summarized in Table 1.

Symbol Description Symbol Description
G A graph n Order of the graph
V (G) or V Vertex set of G Pn Path graph of order n
E(G) or E Edge set of G Sn Star graph of order n
ν A vertex of G Tn or T Tree of order n
degG(ν) Degree of the vertex ν N(ν) Neighborhood of the vertex ν
dim(G) Metric dimension of G H1(G) First Zagreb index
H2(G) Second Zagreb index ABC(G) Atom–Bond Connectivity in-

dex
G \ {ν} Graph obtained from G by

deleting the vertex ν
ΓR(T) or ΓR Roman domination number

of T
flb Lower bound fub Upper bound

Table 1: List of Symbols

2 Preliminary

In this section, we outline the essential definitions and previously established results from the
literature that form the basis for our work. These preliminary concepts are fundamental for the
formulation of our approach and for proving the main results in the following section.

Wedenote byT\{ν1, ν2, . . . , νn} the tree obtained fromT after removing the vertices ν1, ν2, . . . , νn.
As customary, Pn (see Figure 1) and Sn (see Figure 2) represent the path and the star graph on n

vertices, respectively.

Theorem 2.1. [15] Let Pn be a path graph with n ≥ 3 vertices. Its first and second Zagreb indices
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Figure 1: Path graph of order n(Pn)

Figure 2: Star graph of order n (Sn)

are defined by:
H1(Pn) = 4n− 6, H2(Pn) = 4n− 8.

Theorem 2.2. [15] For Sn with order n ≥ 3. Then,

H1(Sn) = n(n− 1), H2(Sn) = (n− 1)2.

Definition 2.1. [27] The degree of a vertex ν in a graph G, denoted by degG(ν), is the number of
edges incident to ν. In a simple undirected graph, this is equal to the number of vertices adjacent
to ν. Meanwhile, the open neighborhood of a vertex ν1 in a graph G, denoted by N(ν1), is the set
of all vertices adjacent to ν1, excluding ν1 itself:

N(ν) = {ν ∈ V (G) | νν1 ∈ E(G)}.

Definition 2.2. [27] A leaf in a graph is a vertex that has degree one; that is, it is connected to
exactly one other vertex. In a tree T, the diameter, denoted by d, refers to the longest distance
between any pair of leaves. Moreover, a path Pd+1 = {ν1, ν2, . . . , νd+1} in T is referred to as a
diameter path if the distance between the endpoints ν1 and νd+1 is equal to d, indicating that it
spans the full diameter of the tree.

Definition 2.3. [17, 24] LetG = (V,E) represent a connected graph. A subsetW ⊆ V (G) is termed
a resolving set if, for every pair of distinct vertices ν1, ν2 ∈ V (G), there exists at least one vertex
ω ∈ W such that the distances from ν1 and ν2 to ω are different, that is, d(ν1, ω) ̸= d(ν2, ω). Here,
d(νi, ω) denotes the shortest path length between vertex νi and ω. The MetDim of the graph G,
denoted by dim(G), is defined as the smallest number of vertices in such a resolving set.

Theorem 2.3. [7] Let G be a graph. Then dim(G) = 1 ⇐⇒ G is a path Pn.

Theorem 2.4. [7] Suppose that Sn with n ≥ 4 vertices. Then dim(Sn) = n− 2.

Theorem 2.5. [14] If Sn of order n, then

ABC(Sn) =
√
n− 2

√
n− 1.
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Figure 3: A tree of order nine

Consider the graph T displayed in Figure 3, whose vertex set is {ν1, . . . , ν9}. We examine two
subsets of vertices, namely W1 = {ν1, ν2} and W2 = {ν1, ν8}, and their corresponding metric
representations listed in Tables 2 and 3. FromTable 2, the equality r(ν8 | W1) = r(ν9 | W1) indicates
that W1 does not distinguish all vertices of T and hence is not a resolving set. In contrast, Table 3
demonstrates that all metric representations with respect to W2 are pairwise distinct, implying
that W2 resolves the graph. Since T is not isomorphic to a path, no resolving set of cardinality
one exists by Theorem 2.3. Furthermore, sinceW2 has minimum size among all resolving sets, we
conclude that dim(T) = 2.

For the tree graph presented in Figure 3, we demonstrate the computation of the Zagreb indices
and the ABC index. Using Equation 1, the vertex degrees are d(ν1) = d(ν2) = d(ν8) = d(ν9) = 1,
d(ν3) = d(ν7) = 3, and d(ν4) = d(ν5) = d(ν6) = 2; hence, the first Zagreb index is H1(T) =
4(12) + 2(32) + 3(22) = 34. Using Equation 2, the second Zagreb index isH2(T) = 1 · 3+ 1 · 3+ 3 ·
2 + 2 · 2 + 2 · 2 + 2 · 3 + 3 · 1 + 3 · 1 = 32. Similarly, by applying Equation 3, the ABC index of T is
obtained as ABC(T) = 6.0944.

νi r(νi | W1) νi r(νi | W1)

ν1 (0,2) ν6 (4, 4)

ν2 (2, 0) ν7 (5, 5)

ν3 (1, 1) ν8 (6, 6)

ν4 (2, 2) ν9 (6, 6)

ν5 (3, 3)

Table 2: Vertex representations with respect toW1

νi r(νi | W2) νi r(νi | W2)

ν1 (0, 6) ν6 (4, 2)

ν2 (2, 6) ν7 (5, 1)

ν3 (1, 5) ν8 (6, 0)

ν4 (2, 4) ν9 (6, 2)

ν5 (3, 3)

Table 3: Vertex representations with respect toW2

3 Upper Bound on ABC index in Terms of Order and MetDim

An extensive survey presented in [14] explores the established bounds of theABC index across
various fundamental graph classes. In particular, within all trees having order n, the star graph Sn
is known to attain themaximumABC index. Building upon these findings, this section establishes
new extremal values for the ABC index in trees, incorporating both the order and the MetDim as
key structural parameters. Specifically, we define fub(n, dim(T)) as the sharp upper bound, which
is rigorously derived and formally proven in Theorem 3.1.

Lemma 3.1. Let the function F1(α) be defined as:

F1(α) = (α− 1)

√︃
α− 1

α
− (α− 2)

√︃
α− 2

α− 1
,

for α ≥ 3. Then F1(α) is positive and monotonically increasing.
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Proof. Define

G(α) = (α− 1)

√︃
α− 1

α
, α ≥ 3.

Then, we can express
F1(α) = G(α)−G(α− 1).

Note that G(α) > 0 for all α ≥ 3 since both α− 1 and the square root term are positive.

Subsequently, we compute the derivative of G(α). Let

G(α) = (α− 1)

(︃
α− 1

α

)︃1/2

.

Using the product and chain rules, we obtain:

G′(α) =

√︃
α− 1

α
+ (α− 1) · 1

2

(︃
α− 1

α

)︃−1/2

· α− (α− 1)

α2
.

Simplifying,

G′(α) =

√︃
α− 1

α
+ (α− 1) · 1

2

(︃
α

α− 1

)︃1/2

· 1

α2
.

G′(α) =

√
α− 1√
α

+
α− 1

2α2

√
α√

α− 1
=

√
α− 1√
α

+

√
α− 1

2α
√
α
.

Combining terms offers

G′(α) =

√
α− 1√
α

(︃
1 +

1

2α

)︃
=

√
α− 1√
α

· 2α+ 1

2α
.

Since α ≥ 3, it follows that G′(α) > 0. Therefore, G(α) is a strictly increasing function on [3,∞).

Finally, since F1(α) = G(α)−G(α− 1) and G(α) is strictly increasing, it follows that

F1(α) > 0 for all α ≥ 3,

and
F1(α+ 1)− F1(α) =

(︁
G(α+ 1)−G(α)

)︁
−
(︁
G(α)−G(α− 1)

)︁
> 0.

This is attributed to the fact that the increments of a strictly increasing function are themselves
increasing. Hence, F1(α) is positive and monotonically increasing for α ≥ 3.

Lemma 3.2. Let

F2(α, β) =

√︄
α+ β − 2

αβ
−

√︄
α+ β − 3

(α− 1)β
,

for α ≥ 3 and β ≥ 2. Then, F2(α, β) ≤ 0 for all α ≥ 3, β ≥ 2, whereas F2(α, β) < 0 when β > 2.
For fixed β ≥ 2 the function α ↦→ F2(α, β) is nondecreasing on [3,∞), and it is strictly increasing
when β > 2.

Proof. Set

u(α, β) =

√︄
α+ β − 2

αβ
, v(α, β) =

√︄
α+ β − 3

(α− 1)β
.
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Both u and v are positive for the stated ranges of α, β. We first present u ≤ v, which is equivalent
to u2 ≤ v2. Indeed,

α+ β − 2

αβ
≤ α+ β − 3

(α− 1)β
,

if and only if
(α+ β − 2)(α− 1) ≤ (α+ β − 3)α.

Expanding both sides and simplifying yields

(α+ β − 3)α− (α+ β − 2)(α− 1) = β − 2 ≥ 0.

This indicates that the displayed inequality holds. Hence, u ≤ v, which implies

F2(α, β) = u− v ≤ 0,

with equality precisely when β = 2 (in that case the two square-root terms coincide). For β > 2
the last displayed inequality is strict; thus, F2(α, β) < 0.

Next, we demonstratemonotonicity in α. Differentiate F2 with respect to α. Computing ∂u/∂α
and ∂v/∂α by the chain and product rules yields

∂u

∂α
= −β − 2

2α2β
· 1√︃

α+ β − 2

αβ

,
∂v

∂α
= − β − 2

2(α− 1)2β
· 1√︃

α+ β − 3

(α− 1)β

.

Therefore,

∂F2

∂α
=
∂u

∂α
− ∂v

∂α
= −β − 2

2β

(︄
1

α2

√︃
α+ β − 2

αβ

− 1

(α− 1)2
√︃
α+ β − 3

(α− 1)β

)︄
.

If β = 2 the prefactor β−2 vanishes and hence ∂F2/∂α = 0 (so F2 is constant in α, consistent with
the equality case above). Assume β > 2. Then β − 2 > 0 and the sign of ∂F2/∂α is the opposite
of the sign of

T (α, β) :=
1

α2

√︃
α+ β − 2

αβ

− 1

(α− 1)2
√︃
α+ β − 3

(α− 1)β

.

We will demonstrate T (α, β) < 0 for α ≥ 3, β > 2.

The inequality T < 0 is equivalent (after multiplying by the positive quantity α2(α− 1)2√︃
α+ β − 2

αβ

√︃
α+ β − 3

(α− 1)β
) to

(α− 1)2

√︄
α+ β − 3

(α− 1)β
< α2

√︄
α+ β − 2

αβ
.

Squaring both sides (all terms are positive) yields the equivalent inequality

(α− 1)4
α+ β − 3

(α− 1)β
< α4α+ β − 2

αβ
,

which simplifies to
(α− 1)3(α+ β − 3) < α3(α+ β − 2).
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Now, observe

α3(α+ β − 2)− (α− 1)3(α+ β − 3) =
[︁
α3(α+ β − 2)− α3(α+ β − 3)

]︁
+
[︁
α3(α+ β − 3)− (α− 1)3(α+ β − 3)

]︁
,

= α3 + (α+ β − 3)
(︁
α3 − (α− 1)3

)︁
.

Since α3 − (α − 1)3 = 3α2 − 3α + 1 > 0 for α ≥ 3 and α3 > 0, the right-hand side is positive.
Hence,

(α− 1)3(α+ β − 3) < α3(α+ β − 2),

Indicating that the squared inequality holds, and therefore T (α, β) < 0. Consequently, the factor
in parentheses above is negative, and with the prefactor −(β − 2)/(2β) < 0, we obtain:

∂F2

∂α
(α, β) > 0 for α ≥ 3, β > 2.

This suggests that F2 is strictly increasing in α when β > 2 and nondecreasing when β = 2.
Correspondingly, combining these results finishes the proof.

Lemma 3.3. Let the function F3(α, β) be defined as:

F3(α, β) = F1(α) + F2(α, β).

For all α ≥ 3 and β ≥ 2,

F3(α, β) >

√
5

2
√
2
.

Equivalently, the global minimum of F3 on the domain {(α, β) : α ≥ 3, β ≥ 2} is strictly greater

than
√
5

2
√
2
.

Proof. ByLemma 3.1, α ↦→ F1(α) is strictly increasing forα ≥ 3. By Lemma 3.2, for each fixed β ≥ 2
the map α ↦→ F2(α, β) is nondecreasing on [3,∞), and for each fixed α ≥ 3 the map β ↦→ F2(α, β)
is nonincreasing on [2,∞). Since F3(α, β) = F1(α) + F2(α, β), these facts imply:

For every fixed β ≥ 2 : infα≥3 F3(α, β) = F3(3, β), and for every fixed α ≥ 3 : infβ≥2 F3(α, β) =
limβ→∞ F3(α, β).

Combining the two monotonicity conclusions implies that the global infimum of F3 on the
rectangle {(α, β) : α ≥ 3, β ≥ 2} is attained at the boundary point with the smallest α and largest
β, i.e.,

inf
α≥3, β≥2

F3(α, β) = lim
β→∞

F3(3, β).

We now evaluate this limit. From the definitions

F1(3) = 2

√︃
2

3
− 1√

2
, lim

β→∞
F2(3, β) =

√︃
1

3
− 1√

2
.

Hence,
inf

α≥3, β≥2
F3(α, β) = F1(3) + lim

β→∞
F2(3, β) = 2

√︂
2
3 +

√︂
1
3 − 2√

2
.
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Set
L := 2

√︂
2
3 +

√︂
1
3 − 2√

2
.

A direct numerical evaluation (or straightforward algebraic comparison) offers

L ≈ 0.79612987 and
√
5

2
√
2
=

√︃
5

8
≈ 0.79056942,

which indicates that L >

√
5

2
√
2
. Therefore, the global minimum of F3 on {α ≥ 3, β ≥ 2} exceeds

√
5

2
√
2
. It follows that there are no admissible (α, β) for which

F3(α, β) <

√
5

2
√
2
.

This completes the proof.

Theorem 3.1. Let T be a tree of order n and dim(T) is MetDim of T. Then,

ABC(T) ≤
√︁
n2 − 3n+ 2 + (n− 2− dim(T))

(︃
4

5
− 2√

5

)︃
.

Proof. Suppose that fub(n, dim(T)) =
√
n2 − 3n+ 2+ (n− 2− dim(T))

(︂
4
5 − 2√

5

)︂
is a function. We

claim that ABC(T) ≤ fub(n, dim(T)), and prove this assertion by mathematical induction on n.
For the base case n = 4, the two possible non-isomorphic graphs of order 4 are the path graph
P4 and the star graph S4. A direct computation verifies that ABC(S4) = fub(n, dim(T)) and
ABC(P4) < fub(n, dim(T)), establishing the base case. Now, assuming the inequality holds for
all trees of order n − 1, we proceed to demonstrate that it remains valid when the order of T is n.
Correspondingly, we discuss three cases.

Case 1: Suppose that T hasmaximumdegree∆ = n−1. This implies that T ∼= Sn. Using Theorems
2.1 and 2.4, we obtain the following:

ABC(Sn) =
√
n− 2

√
n− 1,

=
√
n− 2

√
n− 1 + (n− 2− dim(T))

(︃
4

5
− 2√

5

)︃
,

=
√︁
n2 − 3n+ 2 + (n− 2− dim(T))

(︃
4

5
− 2√

5

)︃
,

= fub(n, dim(Sn)).

Notably, Case 1 demonstrates that when T ∼= Sn, we have ABC(Sn) = fub(n, dim(Sn)). Therefore,
Sn is the tree that maximizes the ABC index.

Case 2: Consider the casewhereThasmaximumdegree 3 ≤ ∆ < n−1. LetPd+1 = {ν1, ν2, . . . , νd+1}
represent a path of diameter in T, and assume that ξT(ν2) ≥ 2.

Case 2.1: Suppose that ξT(ν2) = 3 and ξT(ν3) = Υ ≥ 3. The neighborhood of ν2 is N(ν2) =
{ν1, ν3, ν}, where ξT(ν) = 1. Define the modified tree T′ = T \ {ν1}. In this case, the value of
dim(T) remains invariant, implying that dim(T′) = dim(T). Consequently, we obtain:
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ABC(T) =ABC(T′) +

√︃
Υ+ 1

3Υ
+ 2

(︄√︃
2

3
−
√︃

1

2

)︄
,

≤
√︁
(n− 1)2 − 3(n− 1) + 2 + (n− 3− dim(T′))

(︃
4

5
− 2√

5

)︃
+

√︃
Υ+ 1

3Υ
+ 2

(︄√︃
2

3
−
√︃

1

2

)︄
,

=fub(n, dim(T)) +
√︁
(n− 1)2 − 3(n− 1) + 2−

√︁
n2 − 3n+ 2 +

√︃
Υ+ 1

3Υ
−
(︃
4

5
− 2√

5

)︃
+ 2

(︄√︃
2

3
−
√︃

1

2

)︄
.

Suppose that the function f(n,Υ) is defined as:

f(n,Υ) =
√︁
(n− 1)2 − 3(n− 1) + 2−

√︁
n2 − 3n+ 2 +

√︃
Υ+ 1

3Υ
−
(︃
4

5
− 2√

5

)︃
+ 2

(︄√︃
2

3
−
√︃

1

2

)︄
.

We claim that f(n,Υ) is a negative function. To establish this, we decompose f(n,Υ) into two
separate functions:

f1(n) =
√︁

(n− 1)2 − 3(n− 1) + 2−
√︁
n2 − 3n+ 2,

f2(Υ) =

√︃
Υ+ 1

3Υ
−
(︃
4

5
− 2√

5

)︃
+ 2

(︄√︃
2

3
−
√︃

1

2

)︄
.

First, we analyze f1(n). By rewriting it in terms of the function f1′(n) =
√
n2 − 3n+ 2, we compute

its derivative:
d

dn
f1′(n) =

2n− 3

2
√
n2 − 3n+ 2

.

Since this derivative is positive for n ≥ 5, it follows that f1′(n) is an increasing function. As a result,
f1(n) is negative and boundedwithin the interval (−1.015,−1). Following this, we consider f2(Υ).
Computing its derivative, we obtain:

d

dΥ
f2(Υ) = − 1

2
√
3Υn2

√︂
Υ+1
Υ

.

Since this derivative is negative, f2(Υ) is a decreasing function and is bounded within the inter-
val (0.89, 0.98). Thus, summing both components, we conclude that f(n,Υ) = f1(n) + f2(Υ) is
negative, as required. Therefore,

ABC(T) =fub(n, dim(T)) + f(n,Υ) < fub(n, dim(T)).

Case 2.1.1: Suppose that ξT(ν3) = 2. Define the modified tree T′ = T \ {ν1, ν}. In this case, dim(T)
is still invariant, implying that dim(T′) = dim(T). Consequently, we have:

ABC(T) =ABC(T′) + 2

√︃
2

3
,

≤
√︁
(n− 2)2 − 3(n− 2) + 2 + (n− 4− dim(T′))

(︃
4

5
− 2√

5

)︃
+ 2

√︃
2

3
,

=fub(n, dim(T)) +
√︁

(n− 2)2 − 3(n− 2) + 2−
√︁
n2 − 3n+ 2− 2

(︃
4

5
− 2√

5

)︃
+ 2

√︃
2

3
.
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Suppose that f(n) =
√︁
(n− 2)2 − 3(n− 2) + 2 −

√
n2 − 3n+ 2 − 2

(︂
4
5 − 2√

5

)︂
+ 2
√︂

2
3 , and f(n) is

negative function for n ≥ 5. Therefore,

ABC(T) =fub(n, dim(T)) + f(n) < fub(n, dim(T)).

Case 2.2: Assume that ξT(ν2) = ψ ≥ 4 and ξT(ν3) = Υ. The neighborhood of ν2 is defined as
N(ν2) = {ν1, ν3, z1, . . . , zψ−2}, where ξT(zi) = 1 and 1 ≤ i ≤ ψ−2. Now, let T ′ = T \{ν1} represent
the modified tree. In this case, the value of dim(T) changed, indicating that dim(T′) = dim(T)− 1.
Thus, we obtain:

ABC(T) =ABC(T′) +
(ψ − 1)

3
2

√
ψ

− (ψ − 2)
3
2

√
ψ − 1

+

√︄
ψ +Υ− 2

ψl
−

√︄
ψ +Υ− 3

(ψ − 1)Υ
,

≤
√︁

(n− 1)2 − 3(n− 1) + 2 + (n− 3− dim(T′))

(︃
4

5
− 2√

5

)︃
+

(ψ − 1)
3
2

√
ψ

+

√︄
ψ +Υ− 2

ψl

− (ψ − 2)
3
2

√
ψ − 1

−

√︄
ψ +Υ− 3

(ψ − 1)Υ
,

=
√︁
(n− 1)2 − 3(n− 1) + 2 + (n− 3− (dim(T− 1)))

(︃
4

5
− 2√

5

)︃
+

(ψ − 1)
3
2

√
ψ

+

√︄
ψ +Υ− 2

ψl
− (ψ − 2)

3
2

√
ψ − 1

−

√︄
ψ +Υ− 3

(ψ − 1)Υ
,

=
√︁

(n− 1)2 − 3(n− 1) + 2 + (n− 2− dim(T))

(︃
4

5
− 2√

5

)︃
+

(ψ − 1)
3
2

√
ψ

+

√︄
ψ +Υ− 2

ψl
− (ψ − 2)

3
2

√
ψ − 1

−

√︄
ψ +Υ− 3

(ψ − 1)Υ
,

=fub(n, dim(T))−
√︁
n2 − 3n+ 2 +

√︁
(n− 1)2 − 3(n− 1) + 2 + (ψ − 1)

√︄
ψ − 1

ψ

+

√︄
ψ +Υ− 2

ψl
− (ψ − 2)

√︄
ψ − 2

ψ − 1
−

√︄
ψ +Υ− 3

(ψ − 1)Υ
.

Consider the function f(n) = −
√
n2 − 3n+ 2+

√︁
(n− 1)2 − 3(n− 1) + 2 and define g(ψ,Υ) =

(ψ− 1)
√︂

ψ−1
ψ +

√︂
ψ+Υ−2
ψΥ − (ψ− 2)

√︂
ψ−2
ψ−1 −

√︂
ψ+Υ−3
(ψ−1)Υ . From the result established in Case 2.1, we

have−1.015 < f(n) < −1. Additionally, by applying Lemma 3.3, it follows that 0.796 < g(ψ,Υ) <
1. Since f(n) is negative and g(ψ,Υ) remains positive, their sum w(n, ψ,Υ) = f(n) + g(ψ,Υ) is
negative. Therefore, the function w(n, ψ,Υ) is strictly less than zero. Hence,

ABC(T) =fub(n, dim(T)) + w(n, ψ,Υ) < fub(n, dim(T)).

Case 2.3: Suppose that ξT(ν2) = 2 and ξT(ν3) ≥ 2.

Case 2.3.1: Consider the case where ξT(ν3) = ψ, where ψ = {2, 3}, with N(ν3) = {ν2, ν4, νk},
k ≤ ψ − 2, ξT(νk) = 1, and ξT(ν4) = Υ. Define T′ = T \ {ν1, ν2}. Under these conditions,
dim(T′) = dim(T). Therefore,
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ABC(T) =ABC(T′) +

√︄
ψ − 1

ψ
−

√︄
ψ +Υ− 3

(ψ − 1)Υ
+

√︄
ψ +Υ− 2

ψΥ
+

√︃
1

2
,

≤
√︁

(n− 2)2 − 3(n− 2) + 2 + (n− 4− dim(T′))

(︃
4

5
− 2√

5

)︃
+

√︄
ψ − 1

ψ
+

√︄
ψ +Υ− 2

ψΥ

−

√︄
ψ +Υ− 3

(ψ − 1)Υ
+

√︃
1

2
,

=fub(n, dim(T))−
√︁
n2 − 3n+ 2 +

√︁
(n− 2)2 − 3(n− 2) + 2 +

√︄
ψ − 1

ψ
+

√︄
ψ +Υ− 2

ψΥ

−

√︄
ψ +Υ− 3

(ψ − 1)Υ
+

√︃
1

2
− 2

(︃
4

5
− 2√

5

)︃
.

Consider the functions f(n) = −
√
n2 − 3n+ 2 +

√︁
(n− 2)2 − 3(n− 2) + 2 and g(ψ,Υ) =√︂

ψ+Υ−2
ψΥ −

√︂
ψ+Υ−3
(ψ−1)Υ +

√︂
1
2 − 2

(︂
4
5 − 2√

5

)︂
. It is straightforward to verify that f(n) is a negative

function, with values constrainedwithin the interval (−2.0226,−2) for n ≥ 6. Additionally, g(ψ,Υ)
is a positive function, boundedwithin (1.56, 1.72). Since their sum remains negative, it follows that
w(n, ψ,Υ) = f(n) + g(ψ,Υ) < 0. Consequently:

ABC(T) =fub(n, dim(T)) + w(n, ψ,Υ) < fub(n, dim(T)).

Case 2.3.2: Suppose that ξT(ν3) = ψ ≥ 4, where the neighborhood of ν3 is given by N(ν3) =
{ν2, ν4, ν1, . . . , νψ−2}, and assume that ξT(νψ−2) = 1 and ξT(ν4) = Υ. Define T ′ = T \ {ν1, ν2, ν1}.
In this scenario, dim(T′) = dim(T)− 2. Hence, we obtain:

ABC(T) =ABC(T′) + (ψ − 2)

√︄
ψ − 1

ψ
− (ψ − 3)

√︄
ψ + 1

ψ − 2
+

√︄
ψ +Υ− 2

ψΥ
−

√︄
ψ +Υ− 4

(ψ − 2)Υ
+

√
2,

≤
√︁
(n− 3)2 − 3(n− 3) + 2 + (n− 3− 2− dim(T′))

(︃
4

5
− 2√

5

)︃
+ (ψ − 2)

√︄
ψ − 1

ψ

+

√︄
ψ +Υ− 2

ψΥ
− (ψ − 3)

√︄
ψ + 1

ψ − 2
−

√︄
ψ +Υ− 4

(ψ − 2)Υ
+
√
2.

=
√︁
(n− 3)2 − 3(n− 3) + 2 + (n− 3− 2− (dim(T− 2))

(︃
4

5
− 2√

5

)︃
+ (ψ − 2)

√︄
ψ − 1

ψ

+

√︄
ψ +Υ− 2

ψΥ
− (ψ − 3)

√︄
ψ + 1

ψ − 2
−

√︄
ψ +Υ− 4

(ψ − 2)Υ
+
√
2,
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=
√︁
(n− 3)2 − 3(n− 3) + 2 + (n− 3− dim(T))

(︃
4

5
− 2√

5

)︃
+ (ψ − 2)

√︄
ψ − 1

ψ

+

√︄
ψ +Υ− 2

ψΥ
− (ψ − 3)

√︄
ψ + 1

ψ − 2
−

√︄
ψ +Υ− 4

(ψ − 2)Υ
+

√
2,

=fub(n, dim(T))−
√︁
n2 − 3n+ 2 +

√︁
(n− 3)2 − 3(n− 3) + 2 + (ψ − 2)

√︄
ψ − 1

ψ

+

√︄
ψ +Υ− 2

ψΥ
− (ψ − 3)

√︄
ψ + 1

ψ − 2
−

√︄
ψ +Υ− 4

(ψ − 2)Υ
+

√
2−

(︃
4

5
− 2√

5

)︃
.

Let f(n) = −
√
n2 − 3n+ 2 +

√︁
(n− 3)2 − 3(n− 3) + 2 and g(ψ,Υ) = (ψ − 2)

√︂
ψ−1
ψ +

√︂
ψ+Υ−2
ψΥ −

(ψ − 3)
√︂

ψ+1
ψ−2 −

√︂
ψ+Υ−4
(ψ−2)Υ +

√
2−

(︂
4
5 − 2√

5

)︂
. It is straightforward to verify that f(n) is a negative

function, with values restricted to the interval (−3.05,−3) for n ≥ 6. Furthermore, g(ψ,Υ) is a
positive function, bounded within (0.50, 1.66). Since their sum remains negative, it follows that
w(n, ψ,Υ) = f(n) + g(ψ,Υ) < 0. Thus:

ABC(T) =fub(n, dim(T)) + w(n, ψ,Υ) < fub(n, dim(T)).

In other words, the theorem is proven.

4 Bounds on Zagreb Indices in Terms of Order and MetDim

In this section, we establish bounds for the Zagreb indices of trees, expressed in terms of their
order and MetDim. By exploring these relationships, we provide analytical insights into how
structural parameters of a tree influence its corresponding Zagreb indices.

Theorem 4.1. Assume that T be a tree with order n and MetDim dim(T). Then, the inequality:

H1(T) ≥ 4n+ dim(T)− 7,

is satisfied.

Proof. f Assume that flb(n, dim(T)) = 4n + dim(T) − 7. We prove the claim by induction on n.
When n ≥ 4, Theorems 2.1 and 2.3 offer H1(P4) = 10 = flb(4, 1), and from Theorems 2.2 and 2.4,
we haveH1(S) = 12 ≥ flb(4, 2). Now, assume the statement holds for all trees of n− 1 vertices. To
prove the result of a tree of order n, we shall consider the two following cases. Case 1: Suppose
that we choose ∆(T) = 2, and in an obvious sense T ∼= Pn. From Theorem 2.1, we obtain H1(Pn),
and from Theorem 2.3, we deduce dim(Pn).

H1(Pn) = 4n− 6,

= 4n+ dim(Pn)− 7,

= flb(n, dim(T)).

In essence, equality occurs if T ∼= Pn. In response, we conclude that, in this case, H1(T) takes its
minimum value.
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Case 2: Let Pd+1 = {ν1, ν2, . . . , νd+1} be a longest path in the tree T, and let ∆(T) ≥ 3. Moreover,
suppose that ξT(ν2) ≥ 2.

Case 2.1: Suppose that ξT(ν2) = η, where η ∈ {2, 3}, and let the neighborhood of ν2 be given by
N(ν2) = {ν1, ν3, ν}. Consider T′ = T\{ν1}. In this case, the MetDim of the tree remains invariant,
that is, dim(T′) = dim(T). As a result, we obtain:

H1(T) = H1(T
′) + 2η,

≥ 4(n− 1) + dim(T)− 7 + 2η,

= flb(n, dim(T)) + 2η − 4,

≥ flb(n, dim(T)).

Case 2.2: Let ξT(ν2) = ν ≥ 4, and suppose the neighborhood of ν2 isN(ν2) = {ν1, ν3, ν1, . . . , νv−2}.
Define T′ = T \ {ν1}. In this situation, the parameter dim decreases by exactly one, that is,
dim(T′) = dim(T)− 1. Correspondingly, we obtain:

H1(T) =H1(T
′) + 2ν,

≥4(n− 1) + dim(T)− 8 + 2ν,

=flb(n, dim(T)) + 2ν − 5,

>flb(n, dim(T)).

We have now completed the proof.

Theorem 4.2. Suppose that T is a tree of order n, and MetDim dim(T). Then, first Zagreb index
H1(T) of T has following inequality:

H1(T) ≤ (n− 2)(n− 1) + dim(T) + n.

Proof. Suppose that fub(n, dim(T)) = H1(T) ≤ (n−2)(n−1)+dim(T)+n. Thiswill be demonstrated
by an inductivemethod of order n. When n resulting in a set that has cardinality of at least 4, using
Theorems 2.2 and 2.4, we have that H1(P4) = 11 < flb(4, 1). Meanwhile, when n offers a set with
the cardinality of at least 4, then also, H1(S4) = 12 = flb(4, 2). In that case, the result is valid for
every T of order n− 1. Suppose that we want to prove it true of a T with order n. Thus, we prove
here, in the following two cases, Theorem 4.2:

Case 1: Suppose we are in a position that∆(T) = n−1, thenwe can have T ∼= νn. Wemay compute
H1(νn) using Theorem 2.2 and we also compute dim(νn) using Theorem 2.4.

H1(νn) = n(n− 1),

= n(n− 1)− (n− 2) + dim(Sn),

= n2 − 2n+ 2 + dim(Sn),

= (n− 1)(n− 2) + dim(Sn) + n,

= fub(n, dim(Sn)).

By having T ∼= Sn ensures that equality is attained. Thus, whenever T ∼= Sn, H1(T) attains its
maximal value.

Case 2: Consider the path Pd+1 = {ν1, ν2, . . . , νd+1}, which realizes the diameter of the tree T, and
suppose that ∆(T) ≥ 3. Additionally, let ξT(ν2) ≥ 2.
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Case 2.1: Let ξT(ν2) = η, where η ∈ {2, 3}, and suppose that the tree has order at least 5. The
neighborhood of ν2 isN(ν2) = {ν1, ν3, ν}. Consider T′ = T \ {ν1}. In this case, the parameter dim
remains invariant, i.e., dim(T′) = dim(T). Accordingly, we arrive at the following conclusion:

H1(T) = H1(T
′) + 2η,

≤ (n− 2)(n− 3) + dim(T) + n+ 2η − 1,

= fub(n, dim(T))− 2n+ 2η + 3,

< fub(n, dim(T)).

Case 2.2: Assume that ξT(ν2) = ν ≥ 4, and let ν2 be adjacent to the verticesN(ν2) = {ν1, ν3, ν1, . . . ,
νν−2}. If we construct a new tree T′ by removing the vertex ν1 from T, that is, T′ = T \ {ν1}, then
the value of dim(T) decreases by one, resulting in dim(T′) = dim(T)− 1. This implies that:

H1(T) = H1(T
′) + 2ν,

≤ n2 − 2n+ 2 + dim(T)− 2n+ 2ν + 2,

= fub(n, dim(T))− 2n+ 2ν + 2,

< fub(n, dim(T)).

We have now completed the proof.

Theorem 4.3. Let T be any tree of order n and with the MetDim dim(T). The second inequality is
H2(T) ≥ 4n+ dim(T)− 9.

Proof. Let flb(n, dim(T)) = 4n − 9 + dim(T) be a function. The result will be proven by means
of induction on the order of n. Using 2.1 and 2.3 in the base case, i.e., n has a lower bound of 4,
implies that H2(P4) = 8 = flb(4, 1). In a similar manner, by utilizing Theorems 2.2 and 2.4, we
obtain that H1(S4) = 9 ≥ flb(4, 2).

Suppose that the assertion holds for all trees of order n − 1, and with this hypothesis, we shall
prove the assertion of a tree of order n. The proof will consist of the following scenarios:

Case 1: Suppose that ∆(T) = 2, or equivalent, T ∼= Pn. Using Theorem 2.1, we compute H1(Pn),
and using Theorem 2.3 we compute dim(Pn):

H2(Pn) = 4n− 8,

= 4n− 8 + dim(Pn)− 1,

= 4n− 9 + dim(Pn),

= flb(n, dim(T)).

Hence, the minimum value of H2(T) is attained precisely when T is isomorphic to the path Pn. It
follows that H2(T) achieves its lowest value when T ∼= Pn.

Case 2: Let Pd+1 = {ν1, ν2, . . . , νd+1} denote a longest path in the tree T. We assume that the
tree has maximum degree ∆(T) ≥ 3, with the additional condition that the degree of ν2 satisfies
ξT(ν2) ≥ 2.

Case 2.1: Considering that the neighborhood of ν2 equal to N(ν2) = {ν1, ν3, ν}, suppose that
ξT(ν2) = η and η ∈ {2, 3}. When T′ = T − {ν1} the MetDim is the same, i.e., dim(T′) = dim(T).
As a result, we obtain:
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H2(T) = H2(T
′) + 2η,

≥ 4(n− 1)− 9 + dim(T) + 2η,

= flb(n, dim(T)) + 2η − 4,

≥ flb(n, dim(T)).

Case 2.2: Continuing in this vein, suppose that we shall have ξT(ν2) = ν so that ν ≥ 4, N(ν2) =
{ν1, ν3, ν1, . . . , νν−2}. Here, in case we consider that T′ = T \ {ν1}, then the MetDim reduces,
yielding dim(T′) = dim(T)− 1. We may then present:

H2(T) = H2(T
′) + 2ν,

≥ 4(n− 1)− 9 + dim(T)− 1 + 2ν,

= flb(n, dim(T)) + 2ν − 5,

> flb(n, dim(T)).

As a result, the statement is confirmed.

Theorem 4.4. Suppose that T be a tree with order n and MetDim dim(T). Then,

H2(T) ≤ n2 − 3n+ dim(T) + 3.

Proof. Let the upper bound function is given by fub(n, dim(T)) = n2 − 3n + dim(T) + 3. We
aim to prove this expression using mathematical induction on the order n of the tree. For the
initial step n = 4, utilizing Theorems 2.2 and 2.4, we observe that H2(P4) = 8 < fub(4, 1) and
H2(S4) = 9 = fub(4, 2).

Suppose now that the claim holds for any tree T of order n− 1, then we shall now prove it for
one having the order n. Theorem 4.4 will be demonstrated in the following two:

Case 1: Assume that the maximum degree of the tree satisfies ∆(T) = n − 1, therefore T ∼= Sn.
By applying Theorem 2.2, we compute the value ofH2(Sn), and using Theorem 2.4, we obtain the
corresponding value of dim(Sn):

H2(Sn) = (n− 1)2,

= (n− 1)2 + dim(Sn)− (n− 2),

= n2 − 2n+ 1 + dim(Sn)− n+ 2,

= n2 − 3n+ dim(Sn) + 3,

= fub(n, dim(Sn)).

Notably, equality occurs if and only if T ∼= Sn. Thus, we conclude that if T ∼= Sn, then H2(T) is
maximized.

Case 2: LetPd+1 = {ν1, ν2, . . . , νd+1} a longest path in the tree T. Let∆(T) ≥ 3, with the additional
condition that the degree of ν2 satisfies ξT(ν2) ≥ 2.

Case 2.1: Put ξT(ν2) = η, with η = 2, 3, and consider the order of tree at least 5 and N(ν2) =
{ν1, ν3, ν}. Let T′ = T \ {ν1}, we observe similarly that the value of dim(T)would not change, i.e.,

1284



W. Ali et al. Malaysian J. Math. Sci. 20(3): 1269–1287(2026) 1269 - 1287

that dim(T′) = dim(T). We may, therefore, establish:

H2(T) = H2(T
′) + 2η,

≤ (n− 1)2 − 3(n− 1) + dim(T) + 3 + 2η,

= fub(n, dim(T))− 2n+ 2η + 4,

≤ fub(n, dim(T)).

Case 2.2: Consider the vertex where ξT(ν2) = ν ≥ 4, and the set of vertices adjacent to ν2 is
N(ν2) = {ν1, ν3, ν1, . . . , νv−2}. Let T′ be the tree obtained by deleting vertex ν1 from T, that is,
T′ = T \ {ν1}. This deletion results in a decrease of the parameter dim(T) by one. Consequently,
we arrive at the relation: dim(T′) = dim(T)− 1.

H2(T) = H2(T
′) + 2ν,

≤ n2 − 3n+ 3 + dim(T)− 2n+ 3 + 2ν,

= fub(n, dim(T))− 2n+ 2ν + 3,

< fub(n, dim(T)).

We have now completed the proof.

5 Conclusion

In this work, we investigated the influence of the MetDim on three fundamental degree-based
topological indices: the first Zagreb index, the second Zagreb index, and the ABC index, within
the class of tree graphs. Sharp upper and lower bounds for the Zagreb indices, as well as an upper
bound for the ABC index, were established in terms of the order and MetDim of trees. Notably,
our results reveal that path graphs attain the minimum values of the Zagreb indices. In contrast,
star graphs maximize both the Zagreb indices and the ABC index, thereby serving as extremal
structures with respect to these measures.

These results provide valuable insights into the interplay between structural parameters and
degree-based indices, highlighting the significant role of theMetDim in shaping extremal behavior
in trees. From an applied perspective, the derived bounds are particularly relevant to chemical
graph theory, where such indices function as molecular descriptors in QSPR and QSAR studies.
Furthermore, thiswork enriches the theoretical understanding of topological indices. It also opens
avenues for future research on broader graph families and the impact of additional structural
invariants on degree-based descriptors.
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